Abstract. We investigate the ramifications of the Legendrian satellite construction on the relation of Lagrangian cobordism between Legendrian knots. Under a simple hypothesis, we construct a Lagrangian concordance between two Legendrian satellites by stacking up a sequence of elementary cobordisms. This construction narrows the search for "non-decomposable" Lagrangian cobordisms and yields new families of decomposable Lagrangian slice knots. Finally, we show that the maximum Thurston-Bennequin number of a smoothly slice knot provides an obstruction to any Legendrian satellite of that knot being Lagrangian slice.
Introduction
Lagrangian cobordisms between Legendrian submanifolds -especially exact cobordisms that lie in symplectizations -have seen increasing attention in recent research. Lagrangian cobordisms are of interest not only as central objects in the relative Symplectic Field Theory [10, 11, 15, 16, 17, 18, 19, 20, 22] and generating family [4, 29] frameworks, but also because of their connections to the topology of smooth knots [3, 5, 6, 23] . Subtle questions have arisen about the structure of the relation that Lagrangian cobordism induces on the set of Legendrian submanifolds. The goal of this paper is to use the Legendrian satellite construction to illuminate both questions about the Lagrangian cobordism relation and questions of when a smoothly slice knot has a Legendrian representative that is Lagrangian slice.
1.1. The Lagrangian Cobordism Relation. We begin by discussing the Lagrangian cobordism relation. In contrast to the smooth setting, where cobordism -and even concordance -between knots induces an equivalence relation, Lagrangian cobordism between Legendrians is not a symmetric relation [2, 8, 14] , though it is not clear whether Lagrangian concordance induces a partial order. Further, to achieve transitivity, one must impose the condition that, outside a compact set, Lagrangian cobordisms are equal to cylinders over Legendrians (see Section 2.3 for the precise definition). This cylindrical-at-infinity condition turns out to be rather delicate: not all Lagrangian surfaces in C 2 that meet the standard contact 3-sphere in a Legendrian knot, for example, can be deformed to be cylindrical-atinfinity [7] , though the known examples are not exact. Pushing this line of thought further, consider that in the smooth category, a generic cobordism may always be decomposed into a sequence of elementary cobordisms arising from smooth isotopy and from attaching a single handle. It is unclear whether cylindrical-at-infinity Lagrangian cobordisms share this feature. On one hand, there are constructions of elementary Lagrangian cobordisms [4, 15, 20] (see Theorem 2.6, below); we say that a Lagrangian cobordism constructed by stacking elementary cobordisms is decomposable. On the other, Chantraine's example noted above hints that it might not be the case that all Lagrangian cobordisms are decomposable.
One possible source of indecomposable Lagrangian cobordisms arises from the Legendrian satellite construction. We briefly set notation: given a Legendrian knot Λ in the standard contact R 3 and a Legendrian link Π in the solid torus J 1 S 1 , we denote the Legendrian satellite of Λ by Π by Σ(Λ, Π). Given a Lagrangian concordance, one can find, via a geometric construction in [ The main result of the paper supplies one such condition. To state the result, we consider the Legendrian solid torus link tw m , an example of which is depicted in Figure 2 (b). The sum of two Legendrian solid torus links comes from simply concatenating front diagrams; see the end of Section 2.1. 1.2. Lagrangian Slice Knots. Shifting our focus slightly to interactions between smooth and Lagrangian cobordism, recall that satellite constructions have a long history as tools for investigating slice knots and smooth concordance; see, for example, the recent papers [12, 13, 24] . We use Legendrian satellites to investigate the following question [14] : It is straightforward to produce new Lagrangian slice knots from known ones using [14, Theorem 2.4] . To select an appropriate pattern Π ⊂ J 1 S 1 , let Υ denote the maximal Legendrian unknot, and suppose that the solid torus knot Π has the property that Σ(Υ, Π) is Lagrangian slice. For example, if W is the Legendrian Whitehead double pattern (see Figure 2(a) ), then Π = W + tw 2 has the property that Σ(Υ, Π) is isotopic to Υ and hence is Lagrangian slice. If there is a concordance from Υ to a Legendrian knot Λ, then the concordance constructed from [14, Theorem 2.4] stacked on top of the Lagrangian slice disk for Σ(Υ, Π) shows that Σ(Λ, Π) is Lagrangian slice. Concretely, this yields many examples of Lagrangian slice knots, such as those exhibited in [14, §4] or iterations of the Whitehead double construction applied to any of these knots. Note that the condition on Λ is somewhat stronger than Λ merely being Lagrangian slice: if Λ is Lagrangian slice, there might not be a way to decompose the Lagrangian slice disk into a concordance to Υ stacked on top of a 0-handle.
We can use Theorem 1.2 to produce new decomposable Lagrangian slice knots: Corollary 1.5. If Λ is a decomposable Lagrangian slice knot and Π is a Legendrian solid torus knot such that Σ(Υ, Π + tw m ) is decomposable Lagrangian slice, then Σ(Λ, Π + tw m ) is decomposable Lagrangian slice.
One can ask if Whitehead doubling a smoothly slice knot that does not have a Lagrangian slice representative can yield a new slice knot that does, indeed, have a Lagrangian slice representative. The second main theorem of this paper shows that this is not possible if the maximal Thurston-Bennequin number of the original slice knot is not −1. Theorem 1.6. Suppose P is a smooth solid torus knot for which the untwisted satellite of P around the unknot U is slice. If K is a slice knot with maximal Thurston-Bennequin number strictly less than −1, then the untwisted satellite of P around the K has no Lagrangian slice representatives.
Conjecture 4.1 of [14] asserts that a smoothly slice knot has a Lagrangian slice representative if and only if its maximal Thurston-Bennequin number is −1. If the conjecture holds, then Theorem 1.6 can be strengthened to say that one cannot produce new Lagrangian slice knots by taking satellites of knots that are not Lagrangian slice. Theorem 1.6 may also be thought of as providing evidence for Conjecture 4.1 of [14] .
Pushing further, one might reasonably adapt the old question of whether a knot is smoothly slice if and only if its untwisted Whitehead double is (see Question 1.38 in Kirby's problem list [25] ) to the Legendrian setting: The rest of the paper is organized as follows: we review necessary background on Legendrian solid torus knots, the Legendrian satellite construction, and Lagrangian cobordisms between Legendrians in Section 2. We then proceed to prove Theorem 1.2 in Section 3 and Theorem 1.6 in Section 1.5.
Background
In this section, we describe the two central constructions in this paper: Legendrian satellites and decomposable Lagrangian cobordisms. We assume familiarity with basic notions of Legendrian knot theory in R 3 (as in [21] ) and of Lagrangian submanifolds (as in [1] ), though we quickly review Legendrian links in the solid torus J 1 S 1 .
Legendrian Solid Torus Links.
The canonical solid torus in contact topology is the 1-jet space J 1 S 1 = S 1 × R 2 , which has coordinates (θ, y, z) and contact form dz −y dθ. A Legendrian link Π ⊂ J 1 S 1 may be represented by its front diagram, i.e. its image under the projection π f (θ, y, z) = (θ, z). It is convenient to draw front diagrams in [0, 1] × R, with {0} × R identified with {1} × R as in Figure 1 ; the Legendrian solid torus links W and tw m depicted in Figure 2 will be of particular interest in this paper.
There are three invariant quantities we may associate to an oriented Legendrian link Π ⊂ J 1 S 1 :
(1) The Thurston-Bennequin number tb(Π) is computed from the front diagram as the writhe minus half the number of cusps.
(2) The rotation number r(Π) is computed from the front diagram as half the difference between the number of cusps at which π f (Π) is oriented downwards and the number of cusps at which π f (Π) is oriented upwards. (3) The winding number or degree δ(Π) is the signed intersection number between the front diagram and {0} × R; this is, of course, simply the homology class of Π in H 1 (J 1 S 1 ) Z. For a fixed front diagram of Π, we can also define the strand number s(π f (Π)) to be the geometric intersection number of the front diagram with {0} × R. 
Note that the value of δ(tw m ) 2 is dependent on the specific orientations of the strands in tw m .
The operation of adding a full twist to an existing Legendrian solid torus knot plays a key role in the statement of Theorem 1.2. More generally, if two Legendrian links Π 1 and Π 2 have front diagrams with the same strand number, then we can form a new Legendrian link Π 1 + Π 2 by concatenating the front diagrams, with π f (Π 1 ) to the left of π f (Π 2 ). We will be particularly interested in sums of the form Π + tw m .
2.2. Satellites. We begin by setting notation for the satellite of a knot in the smooth category. Let K be a smooth knot in R 3 , let P be a smooth link in the solid torus S 1 × D 2 , and let t ∈ Z. We define the t-framed satellite of K by P , denoted S t (K, P ), to be the link that results from removing a normal neighborhood of K and gluing in the solid torus containing P with framing t with respect to the Seifert framing of K. This operation is easily generalized when K is a link with n ordered components, P = (P 1 , . . . , P n ) is an n-tuple of solid torus links, and t = (t 1 , . . . , t n ) is an ntuple of integers corresponding to framings with respect to Seifert surfaces of individual components.
To define Legendrian satellite of a Legendrian knot Λ ⊂ R 3 by a Legendrian link Π ⊂ J 1 S 1 , we follow [26, 27] . It is a fundamental fact that Λ has a canonical neighborhood that is contactomorphic to J 1 S 1 . We define the Legendrian satellite of Λ by Π, denoted Σ(Λ, Π), to be the link that results from removing a standard neighborhood of Λ and gluing in the solid torus containing Π. Again, there is an obvious generalization to satellites of Legendrian links. Note that, unlike in the smooth case, the Legendrian satellite has a built-in framing; in particular, as smooth knots, we have Σ(Λ, Π) = S tb(Λ) (Λ, Π).
The following lemma, which essentially states that the satellite operation is well-defined, is straightforward from the definition of a Legendrian satellite. 
Lemma 2.3 ([27]). Given n-component

Decomposable Cobordisms and Concordances.
The second fundamental notion in this paper is that of a Lagrangian cobordism between Legendrians.
Definition 2.5. Given two Legendrian links Λ − and Λ + in the standard contact R 3 , an (exact, orientable, cylindrical-at-infinity) Lagrangian cobordism L from Λ − to Λ + , denoted Λ − ≺ L Λ + , is an exact, orientable Lagrangian submanifold of the symplectization (R × R 3 , d(e t α 0 )) so that there is a pair of real numbers
The primitive of e t α 0 along L is constant for t < T − and for t > T + . See [9] for an explanation of the necessity of this condition.
We will drop the descriptors "exact, orientable, and cylindrical-at-infinity" from this point on, as they shall be understood to hold. Two special cases will play important roles in this paper. A Lagrangian concordance is a Lagrangian cobordism that is diffeomorphic to a cylinder. A Lagrangian filling is a Lagrangian cobordism with an empty negative end. There is a close relationship between Lagrangian fillings and the slice genus of a smooth knot. On one hand, the slice-Bennequin inequality [28] says that
On the other, if a smooth knot K has a Legendrian representative Λ with a Lagrangian filling L, then Chantraine proved in [6] that the slice-Bennequin inequality is sharp and, in fact,
A Lagrangian cobordism is decomposable if it is the result of stacking the elementary cobordisms defined by the following theorem. In particular, any decomposable cobordism can be completely described by a finite list of moves which, when applied to the front diagram Λ − , results in the front diagram Λ + .
We note that the genus of a decomposable Lagrangian cobordism L is given by the following: Figure 4 . Diagrammatic moves corresponding to the attachment of a 0-handle (left) and a 1-handle (right).
For a decomposable concordance, the following lemma describes how the topological condition that a concordance is diffeomorphic to a cylinder is reflected in the combinatorics of the sequence of moves used to construct the concordance.
Lemma 2.7. For a decomposable concordance L between Legendrian knots, any 1-handle in L that takes Λ to Λ must join strands of two different components in Λ and result in one component in Λ .
Proof. Suppose Λ − ≺ L Λ + is a decomposable concordance between knots. Applying Equation (2.4), we know that the total number of 1-handles is equal to the total number of 0-handles in L. Observe that any 0-handle increases the number of components by one. Since Λ + also has exactly one component and isotopy will never change the number of components, it must be the case that each 1-handle decreases the number of components by one. The only way this can happen is if each 1-handle joins two distinct components of Λ.
Existence of Decomposable Concordances
We now have the language in place to prove Theorem 1.2, namely that twisted Legendrian satellites between decomposably concordant knots are also decomposably concordant.
Suppose we have a decomposable concordance Λ − ≺ L Λ + . We will build the concordance L Σ from Σ(Λ − , Π + tw m ) to Σ(Λ + , Π + tw m ) inductively by enumerating the moves used to produce L and constructing corresponding sequences of moves for L Σ . In particular, we claim that given an elementary cobordism L from the k-component link Λ to the k -component link Λ , we can construct a corresponding sequence of moves on Σ(Λ, Ψ) that result in the link Σ(Λ , Ψ ), where Ψ 1 = Ψ 1 = Π + tw n and Ψ i = Ψ i = tw n for all i > 1.
The proof proceeds by examining each type of elementary cobordism in turn. If the original elementary cobordism L comes from a Legendrian isotopy, then the inductive claim follows directly from Lemma 2.3. If L comes from attaching a 0-handle, then, by definition, Λ is exactly the disjoint sum of Λ with the unknot Υ. Notice that this new component cannot be the first component of Λ , and hence in the satellite, it will simply appear as a disjoint copy of Σ(Υ, tw n ). Thus, we need only construct a sequence of elementary cobordism moves which takes ∅ to Σ(Υ, tw n ), which is simple to do as Σ(Υ, tw n ) is isotopic to the disjoint union of n copies of Υ.
The interesting part of the proof treats the case of adding a 1-handle to Λ. By Lemma 2.7, we know that the 1-handle must be between strands of two different components of Λ, which join to form a single component of Λ . The heart of the proof is encapsulated by the following lemma:
Lemma 3.1. Let Λ be a two-component Legendrian link and let Λ be the Legendrian knot that results from attaching a 1-handle that joins the two components. Suppose that the 1-handle attachment takes place in a neighborhood V in the front diagram. There exists a sequence of elementary cobordism moves that takes Σ(Λ, (tw n , tw n )) to Σ(Λ , tw n ), with all of the moves occurring in V .
Proof. We will prove the lemma by induction on n, the number of strands in our patterns. The base case (n = 1) is trivial, as we simply copy the single 1-handle move which acts on Λ − .
To prove the inductive case, suppose there exists a sequence of elementary cobordisms which takes Σ(Λ, (tw n−1 , tw n−1 )) to Σ(Λ , tw n−1 ) with all moves taking place in a neighborhood V n−1 . Consider the Legendrian link Σ(Λ, (tw n , tw n )). We first ensure that the full twists of both components are placed in a neighborhood V n that contains V n−1 . We begin with the sequence of moves in Figure 5 .
Notice that at the end of this sequence of moves, in a sufficiently small neighborhood, we have exactly the diagram that occurs in a neighborhood V n−1 for Σ(Λ, (tw n−1 , tw n−1 )). By the induction hypothesis, we can perform a series of elementary cobordism moves to take this part of the diagram to the corresponding one in Σ(Λ , tw n−1 ) inside V n−1 . Finally, as shown in Figure 6 , there is a sequence of isotopies that results in Σ(Λ , tw n ).
Although we omitted orientations from these diagrams, notice that regardless of the pattern, since the original 1-handle on Λ is oriented, the 1-handles in the figures must also be oriented. Finally, note that in this construction, we used exactly n 1-handles in the cobordism from Σ(Λ, (tw n , tw n )) to Σ(Λ , tw n ).
To see how the lemma is used in the general construction, we may apply it verbatim if neither component involved in the 1-handle is the first component of Λ. If one of the components is, indeed, the first, then we may ensure that the pattern Π is moved far from the neighborhood V , and we can see that the lemma still applies. Thus, we obtain a sequence of elementary 
Lagrangian Slice Knots and Satellites
We end with the proof of Theorem 1.6, which states that if P is a smooth solid torus knot for which S 0 (U, P ) is slice and K is a slice knot with maximal Thurston-Bennequin number strictly less than −1, then S 0 (K, P ) has no Lagrangian slice representatives. Suppose, for the sake of contradiction, that the smooth solid torus knot P has the property that S 0 (U, P ) is slice. Let Π be a Legendrian representative of P with strand number m. Finally, to complete the setup, let Λ be a Legendrian representative of a slice knot K with tb(Λ) = tb(K) < −1 and Σ(Λ, Π − tb(Λ) · tw m ) Lagrangian slice.
Since Σ(Λ, Π−tb(Λ)·tw m ) is Lagrangian slice, we may compute as follows, using the sharpness of the slice-Bennequin inequality as in Equation (2.3) in the first line: On the other hand, since S 0 (U, P ) is slice, the slice-Bennequin inequality (2.2) and computations similar to those above tell us that As we must have m ≥ 1, the inequalities (4.1) and (4.2) yield the desired contradiction.
